Abstract. Given a graph G = (V, E), a set S ⊂ V is called a k-metric generator for G if any pair of different vertices of G is distinguished by at least k elements of S. A graph is k-metric dimensional if k is the largest integer such that there exists a k-metric generator for G. This paper studies some bounds on the number k for which a graph is k-metric dimensional.
Introduction
The concept of metric dimension of a graph naturally arises in applications. Suppose there is a a graph or network and there is the need to locate something in it using detectors placed on certain vertices. Then, any vertex must be uniquely determined by the distances to the detectors. This notion has been developed independently by J. P. Slater in [21, 22] , where the sets of vertices able to locate every node are called locating sets, and Harary and Melter in [12] , where these sets are called resolving sets. Harary and Melter also coined the name of metric dimension for the cardinality of a minimum resolving set.
This concept has been widely used in many areas as hazard detection in networks, see [16, 24] ; navigation of robots in networks, see [17, 18] or chemistry, see [5, 14, 15] .
Metric dimension has been extensively studied, see for example [1, 2, 3, 4, 5, 6, 11, 23, 26, 27] and the references therein. There are also several natural extensions of the definition of metric dimension in the literature, some of them, combining it with the idea of domination. See, for example [13, 19, 20] Another natural extension of metric dimension appears in [7] . See also [8, 9, 10, 25] . The idea is that, in order to improve the accuracy of the detection or the robustness of the system, it may be interesting to have a family of detectors such that every pair of vertices is distinguished by at least k of them. Thus, given a simple and connected graph G = (V, E), a set S ⊂ V is called a k-metric generator for G if and only if any pair of different vertices of G is distinguished by at least k elements of S, i.e., for any pair of different vertices u, v ∈ V , there exist at least k vertices w 1 , w 2 , . . . , w k ∈ S such that d G (u, w i ) = d G (v, w i ), for every i ∈ {1, . . . , k}.
A k-metric basis is a k-metric generator of the minimum cardinality in G. Notice that if k = 1 we obtain the classical definitions of metric basis and metric generator. Finally, G is said to be a k-metric dimensional graph if k is the largest integer such that there exists a k-metric basis for G. Let us denote Dim(G) = k if G is a k-metric dimensional graph. Notice that Dim(G) ≥ 2 ∀ G.
In [7] , the authors provide several bounds on Dim(G) and give some precise results in the case of trees. Herein, we provide some new bounds for this invariant and generalize some of their results. In particular, we extend their study for the case of trees to the case of clique graphs obtaining natural generalizations. 
Bounds on Dim(G)
Given two different vertices x, y ∈ V (G), the set of distinctive vertices of x, y is
Let us recall the following definitions from [7] . A vertex of degree at least three in a graph G will be called a major vertex of G. Any end-vertex (a vertex of degree one) u of G is said to be a terminal vertex of a major vertex v of G if d G (u, v) < d G (u, w) for every other major vertex w of G. The terminal degree ter(v) of a major vertex v is the number of terminal vertices of v. Let M(G) be the set of exterior major vertices of G having terminal degree greater than one.
Given w ∈ M(G) and a terminal vertex u j of w, let P (u j , w) denote the shortest path that starts at u j and ends at w. Now, given w ∈ M(G) and two terminal vertices u j , u r of w let P (u j , w, u r ) denote the shortest path from u j to u r containing w, and by ς(u j , u r ) the length of P (u j , w, u r ). Notice that, by definition of exterior major vertex, P (u j , w, u r ) is obtained by concatenating the paths P (u j , w) and P (u r , w), where w is the only vertex of degree greater than two lying on these paths. Finally, given w ∈ M(G) and the set of terminal vertices U = {u 1 , u 2 , . . . , u k } of w, for j = r let ς(w) = min uj ,ur∈U ς(u j , u r ) and
However, this approach does not provide good bounds in many situations. Example 2.3. Suppose there exist two adjacent vertices v 1 , v 2 with degree 2 such that both of them are adjacent to the same vertex w. Then, w is a cut set and it is immediate to see that for any vertex v different from
. Thus, by Theorem 2.1, Dim(G) = 2, independently of the existence of terminal vertices or the value of ς(G). 
Given any v ∈ V and any
γ be a minimal path of length p joining v and w and let x be the vertex in γ such that . Theorem 2.7. If G be a connected graph such that N m (G) = ∅ for some m, then Dim(G) ≤ η(G).
, then
Proof. Given any pair of vertices, v, v , if there is some m such that they have equal m-boundary, then
. If for every m, v, v do not have equal m-boundary then, as we saw in the proof of Theorem 2.6,
A vertex separator set in a graph is a set of vertices that disconnects two vertices. 
Lemma 2.12. Given two vertices, v, v , in a connected graph and two common separating subsets S 1 , S 2 in their m-spheres, S 1 ∪ S 2 is a common separating subset.
Proof. It is immediate to see that 
Proof. By Remark 2.10 it is immediate to check that (v, v ) ∈ P m (G) and
Proof. By Remark 2.10, P(G) = ∅. Then, the result follows from Theorem 2.8, Proposition 2.14 and Theorem 2.16.
By Proposition 2.14 it is immediate to see that Theorem 2.16 improves Theorem 2.
Moreover, let us check that Theorem 2.16 also improves Theorem 2.2.
Proof. Consider any vertex w ∈ M(G) such that ς(w) = ς(G) = k and let u i , u j two terminal vertices of w such that ς(u i , u j ) = k. Consider two vertices w i , w j adjacent to w such that w i is contained in the path [u i , w] and w j is contained in the path [u j , w]. Notice that deg(w i ), deg(w j ) ≤ 2. Then, by Remark 2.19 and since deg(w) ≥ 3, it is readily seen that w is a common separating subset of S(w i , 1) and S(w j , 1). Also, since u i , u j are terminal vertices of w, the union of the components of G \ {w} containing u i or u j is exactly the path P (u j , w, u r ) and µ 1 (w i , w j ) = k ≥ µ(G).
Also, another lower bound for Dim(G) can be given as follows: Let A(G) be the length of the shortest maximal (i.e. not contained in a longer) geodesic in G. 
Notice that for any connected graph G such that M(G) = ∅, given w ∈ M(G) and two terminal vertices u j , u r of w then P (u j , w, u r ) is a maximal geodesic in G. Hence, if |P (u j , w, u r )| = A(G) for some u j , w, u r , then On the other hand, 1) and ∂N (a, 1) = ∂N (b, 1) . Hence, it is readily seen that
Also, w is a common separating subset in 3) . Also, {w, w } is a common separating subset in S(v 1 , 1)∩S(v 2 , 1) with S m (a, b) = {w, w }. There are other common separting subsets, however it is immediate to check that
Finally, there is a maximal geodesic [ab] with length 2 joining a to b and
Block graphs
A block graph or clique tree is a graph such that every biconnected component (block ) is a complete subgraph. In [7] , the authors call it generalized tree and define it using the following characterization.
Let F be the family of sequences of connected graphs S = (G 1 , ..., G t ), t 2 such that G 1 is a complete graph K n1 on n 1 2 vertices and G i , i 2, is obtained recursively from G i−1 by adding a complete graph K ni , n i 2, and identifying one vertex of G i−1 with one vertex of K ni . A connected graph G is a block graph (or generalized tree) if and only if there exists a sequence S = (G 1 , ..., G t ) ∈ F such that G t = G. From now on, we keep the more common name of block graph.
In [7] , a vertex v is called an extreme vertex if the subgraph induced by N [v] is isomorphic to a complete graph. Then, Corollary 3 states that a block graph G is 2-metric dimensional if and only if G contains at least two extreme vertices adjacent to a common cut vertex. Unfortunately, this result is not completely true as the following example shows. Remark 3.3 and Proposition 3.6 below give a characterization of 2-metric dimensional block graphs.
Example 3.1. Consider the graph G in Figure 2 . There are two extreme vertices (non-adjacent) c and e in G being adjacent to a common cut vertex d. However G is 3-metric dimensional as we can see in Table  1 below. Definition 3.2. Given a graph G we say G is a V-graph if there exists a terminal vertex w such that ter(w) = 2 and d(u i , w) = 1 for both terminal vertices u i of w. Counterexample to Corollary 3 in [7] : G contains two extreme vertices adjacent to a common cut vertex and G is 3-metric dimensional.
{d, e, f, g} a, d
{c, e, f, g}
{a, e, f, g} b, e {a, c, f, g} b, f {a, c, e, g}
{a, b, c, e} e, f {g} e, g {a, b, c, d} f, g {a, b, c, d, e} Table 1 . In the graph from Example 3.1 (see Figure 2) , it is immediate to check that min x,y∈V (G), x =y |D G (x, y)| = 3 = Dim(G).
By a cycle in a graph we mean a simple closed curve, this is, a path defined by a sequence of vertices which are all different except for the first one and last one which are the same.
Remark 3.4. If T is a block graph, then every cycle in T is contained in some complete subgraph. Definition 3.5. We say that a block graph G is tagged if there is a maximal complete subgraph K r in G with r ≥ 3 and two vertices u, v ∈ K r such that deg(u) = r − 1 = deg(v). Proposition 3.6. Consider G a block graph which is not a V-graph. Then G is 2-metric dimensional if and only if G is tagged.
Proof. Suppose that exists K r with r 3 and u, v ∈ K r with deg(u)
If G is 2-metric dimensional, by Theorem 2.1, there exist two vertices u, v ∈ G such that |D G (u, v)| = 2. Suppose that u ∈ K r and v ∈ K s with K r , K s maximal complete subgraphs and K r = K s . If d G (u, v) = 1 then there exists a vertex u ∈ K r (or v ∈ K s ) such that {u , u, v} (or {u, v, v }) defines a geodesic path with length 2 and
Since G is not a V-graph, either u or v has an adjacent vertex different from w. Suppose u is adjacent to u. Hence, by Remark 3.4, u is not adjacent to v and therefore, {u , u, v} ⊂ D G (u, v) and
If deg(u) r (respectively deg(v) r), then there is a vertex u which is adjacent to u and not adjacent to v. Thus, {u , u, v} ⊂ D G (u, v) and |D G (u, v)| 3, leading to contradiction.
Remark 3.7. Any finite graph is k-metric dimensional for some finite k.
Theorem 3.8. An infinite tree T is k-metric dimensional for some finite k if and only if there exists a vertex w ∈ G such that T {w} has at least two finite connected components.
Proof. Suppose T is k-metric dimensional for some finite k. By Theorem 2. Suppose w ∈ G is a vertex such that T {w} has at least two finite connected components
Definition 3.9. An infinite block graph G is narrow if one of the following conditions holds:
(i) There exists a vertex w ∈ G such that G {w} has at least two finite connected components.
(ii) There exists a complete subgraph K n , n 3, such that G E(K n ) has at least two finite connected components.
Remark 3.10. It is well known that if G is a block graph then given any two vertices in G there is a unique geodesic path joining them. If m is not a vertex, consider the edge e ∈ T such that m ∈ e. We can see that e ∈ K n for some n 3 since otherwise D G (u, v) = T , leading to a contradiction. Then let C u , C v be the connected components of T E(K n ) containing u, v respectively. Therefore
Suppose T is narrow. If (i) holds, there exist a vertex w ∈ T such that T {w} has at least two finite connected components v 2 ) is finite. If (ii) holds, there exists a complete subgraph K n , n 3, such that T E(K n ) has at least two finite connected components
Let us recall the following result on k-metric dimensional trees. This result can be generalized for block graphs using µ(T ) to obtain Theorem 3.18 below. Definition 3.13. A block graph G is non-elementary if it is neither a complete graph nor a path graph.
Proposition 3.14. If G is a block graph, then P(G) = ∅ if and only if G is non-elementary.
Proof. Suppose G is a non-elementary block graph. Since G is not a path, there exists a complete subgraph K n ⊆ T with n 3. Since G is not a complete graph, then there exists v ∈ K n such that δ(v) > n − 1. Since n 3, then there exist two different vertices x, y ∈ K n {v}. Therefore, S 1 (x, y) = ∅ and P(G) = ∅.
If G is a complete graph or a path graph, then it is trivial to check that P(G) = ∅.
Remark 3.15. For any n ≥ 3,
• if K n is the complete graph with n vertices, then Dim(K n ) = 2.
• f P n is the path graph with n vertices, then Dim(P n ) = n − 1.
Proposition 3.16. It G is a non-elementary tagged block graph, then µ(G) = 2.
Proof. Let K r be a maximal complete subgraph in G with r ≥ 3 and two vertices u, v ∈ K r such that deg(u) = r − 1 = deg(v). Since G is non-elementary, G = K r and there is a vertex w ∈ K r with deg(w) ≥ r.
Proposition 3.17. It G is a non-elementary non-tagged block graph, then for every pair of vertices x, y ∈ G either (x, y) ∈ P(G) or |D G (x, y)| ≥ |G| − 1.
Proof. Given two vertices x, y ∈ G we can distinguish two cases.
. Then G \ w has at least two connected components, C x , C y , containing x and y respectively and it is readily seen that
Otherwise, w ∈ S k/2 (x, y) and (x, y) ∈ P(G).
Case 2:
(with x = x and y = y if k = 1). Let K r be the maximal complete subgraph containing x y .
If there is a connected component C in G \ K r which is not adjacent to x nor y , then r ≥ 3 and there is a vertex w ∈ K r \ {x , y } such that w ∈ S (k+1/2) (x, y). Thus, (x, y) ∈ P(G). For every connected component C x of G \ K r adjacent to x and ∀v ∈ C x , it is clear that d G (x, v) < d G (v, y), and for every connected component C y of G \ K r adjacent to y and ∀v ∈ C y , it is clear that Proof. By Proposition 3.14, P(G) = ∅.
If G is tagged, by propositions 3.6 and 3.16, Dim(G) = µ(G) = 2. If G is not tagged, consider any pair of vertices x, y ∈ G. By Proposition 3.17, either (x, y) ∈ P k (G) for some k and
The problem of computing µ(G) using the definition has relatively high computational complexity. To improve the interest of Theorem 3.18, this complexity can be reduced using some properties of common separating subsets in block graphs.
Lemma 3.19. If G is a block graph and P(G) = ∅ then, for every vertices Figure 3) . Since m = a + b = a + b and by Remark 3.10 geodesics are unique, therefore 
If G is a non-elementary block graph and K is a 3-cut block, then there are at least three vertices v 1 , v 2 , v 3 ∈ K and one of them, suppose it is v 3 satisfies that deg
Definition 3.24. If G is a non-elementary block graph, then
• a 3-cut vertex w ∈ G is extremal if there are two vertices v, v adjacent to w such that S 1 (v, v ) = w and the connected components C v , C v of T \ w containing v, v respectively (where possibly C v = C v if v, v are adjacent) do not contain any 3-cut piece, • a 3-cut block K is extremal if there are two vertices v, v ∈ K such that S 1 (v, v ) ⊂ K and the connected components C v , C v of T \ E(K) containing v, v respectively do not contain any 3-cut piece, • a 3-cut piece is extremal it if is either an extremal 3-cut vertex or an extremal 3-cut block.
Given a block graph G, let E(G) ⊂ V × V be the set of pairs of different vertices, (v, v ), such that one of the following conditions holds:
• S 1 (v, v ) = w with w a 3-cut vertex and the components C v , C v of T \ w containing v, v respectively, do not contain a 3-cut piece, • v, v , S 1 (v, v ) ⊂ K with K a 3-cut block and the components C v , C v of T \ E(K) containing v, v respectively, do not contain a 3-cut piece.
Remark 3.25. Notice that if T is a tree, the extremal 3-cut pieces are exactly the major vertices. Also, E(G) ⊂ P 1 (G).
Given a 3-cut piece P , let us denote G \ [P ] the set G \ P if P is a cut vertex or G \ E(P ) if P is a cut block. Proof. By Proposition 3.21, µ(G) = µ 1 (G) = µ 1 (v, v ) for some vertices v, v ∈ G. Then, S 1 (v, v ) is contained in some 3-cut piece P . Let C 1 , C 2 be the connected components of G [P ] containing v, v respectively. Hence, µ 1 (v, v ) = |C 1 ∪ C 2 |. Suppose (v, v ) / ∈ E(G). Then, either C 1 or C 2 contains a 3-cut piece. Suppose without loss of generality that C 1 contains a 3-cut piece. Since |C 1 | µ(G), C 1 is finite and therefore C 1 contains an extremal 3-cut piece P . Then, there are two vertices (x, y) ∈ E(G) such that S 1 (x, y) ⊂ P and such that the connected components, C 1 , C 2 , of T \ [P ] containing x, y respectively, do not contain any 3-cut piece. Hence, in particular, C 1 , C 2 do not contain P and therefore C 1 , C 2 ⊂ C 1 \ S 1 (x, y). Thus, µ 1 (x, y) = |C 1 ∪ C 2 | < |C 1 | ≤ µ 1 (v, v ) leading to contradiction. 
